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Eigenmodes in the long-time behavior of a coupled spin system measured with nuclear
magnetic resonance
Benno Meier, Jonas Kohlrautz, and Ju¨rgen Haase
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(Dated: October 7, 2018)
The many body quantum dynamics of dipolar coupled nuclear spins I = 1/2 on an otherwise
isolated cubic lattice are studied with nuclear magnetic resonance (NMR). By increasing the signal-
to-noise ratio by two orders of magnitude compared with previous reports for the free induction
decay (FID) of 19F in CaF2 we obtain new insight into its long-time behavior. We confirm that the
tail of the FID is an exponentially decaying cosine, but our measurements reveal a second decay
mode with comparable frequency but twice the decay constant. This result is in agreement with a
recent theoretical prediction for the FID in terms of eigenvalues for the time evolution of chaotic
many-body quantum systems.
PACS numbers: 76.60.Es, 76.60.Lz, 05.40.-a, 05.45.Mt
One of the simplest NMR experiments concerns the
flipping and recording of the nuclear magnetization, i.e.,
the measurement of the free induction decay (FID). Quite
to the contrary, rigorous theory to calculate this decay
is often lacking since large numbers of nuclear spins are
interacting, similar to the situation in electronic mag-
netism with exchange coupled electronic spins. Often,
one can only estimate the short-time behavior of the FID,
but is unable to find an analytical expression for the en-
tire decay. If the FID is limited by the life-time of the
nuclear levels due to a coupling to a thermal bath, the
”lattice”, the decay is simply exponential and given by
the spin-lattice relaxation time T1. This can be the case
in liquids where rapid motion averages, e.g., the inter-
nuclear magnetic dipole-dipole interaction, but, at the
same time, couples the nuclear spins to the large thermal
bath of motional degrees of freedom. In solids, where
the spin-lattice relaxation time is often rather long, the
magnetic dipole interaction leads to a rapid decay of the
FID leaving the spin system far away from thermal equi-
librium for times of the order of T1. In this case, where
the FID or other spin coherences decay according to the
time-evolution of the acting Hamiltonian, one expects on
general grounds the decay not to be exponential. How-
ever, that is what is often observed with experiments
[1–4].
An ideal system for the investigation of dipole cou-
pled nuclear spins is CaF2 where spin 1/2 fluorine nuclei
are located on a simple cubic lattice (the low abundance,
small moment Ca spins can be neglected). Clean crystals
are easily available with a nuclear spin-lattice relaxation
time T1 of minutes, which practically leaves only one rel-
evant time scale set by the dipolar coupling (∼ 20µs).
Given the simple nature of the material and the challeng-
ing physics, there has been persistent interest in CaF2
since the early days of magnetic resonance [1–3, 5–9].
While most experimental and theoretical work fo-
cussed on the short-time behavior of the dynamics
[1, 5, 10–12], more recent research concerns the long-time
behavior of NMR signals [13–16]. In particular in re-
cent work of Fine [15, 16], the long-time behavior of the
system is addressed based on the notion of microscopic
quantum chaos.
The dynamics of a lattice of classical spins can be de-
scribed by a set of angles {φi, θi} where the i-th pair of
coordinates describes the orientation of the i-th spin with
its tip on the surface of a sphere. In case of a dipole cou-
pled system the equations of motion controlling the time
evolution of the system are nonlinear. For a large num-
ber of spins this eventually leads to a phase space that
is dominated by chaotic regions. While a Markovian de-
scription of such a system is usually applicable only for
times much larger than the mean free time, this is not
true for ensemble averaged quantities [17]. An ensemble
of spins can therefore be described in terms of Brownian
motion as soon as the spin system has lost memory of its
initial configuration. Thus, the long-time behavior of the
ensemble averaged quantities can be obtained by solving
a correlated diffusion equation on a spherical surface [15].
This approach is to be contrasted with chaotic dynam-
ics of the magnetization in liquids. Here, the local field
generated by the distant dipole field as well as the ra-
diation damping field may cause a turbulent behavior of
the macroscopic magnetization [18, 19]. While chaotic
dynamics in liquids are discussed in an entirely classi-
cal picture, the microscopic diffusion concept for solids
has recently been generalized to quantum spins by Fine
[15, 16]. He predicted a universal long-time behavior of
the FID and the decay after a spin echo.
For a system of spins 1/2 on any Bravais lattice with
the dipolar Hamiltonian
Hdip =
γ2n~
2
2
N∑
j,k
[
IjIk
r3jk
−
3(Ij · rjk)(Ik · rjk)
r5jk
]
, (1)
in a strong magnetic field (so that only the secular part
has to be retained) the long-time behavior is given by
G (t) ≃
∑
σ e
−γσt cos (ωσt+ φσ). This reduces to a
2single mode after sufficiently long times, i.e.,
G(t) ≃ e−γ1t cos (ω1t+ φ) . (2)
In related work, the long-time behavior is referred to as
that part of the FID that is determined by the slowest
mode only. In the experiment, this description holds after
the second slowest mode has disappeared in the noise.
Thus the beginning of the long-time behavior would be
set by the noise level. In this work we therefore consider
the long-time-behavior to correspond to that part of the
FID where chaos has developed, i.e., the part that is given
as the sum of all modes. The number of detectable modes
is set again by the signal-to-noise ratio (c.f. Fig. S1 in
supplement [20]).
In the above conjecture, the decay modes in G(t) fol-
low from a set of solutions of a correlated surface diffusion
equation in the finite parameter space of single spin vari-
ables: fσ(t, x) = e
−λσtuλσ (x), where λσ = γσ + iωσ is an
in general complex eigenvalue of the integro-differential
operator associated with the modified diffusion equation
and uλ(x) its corresponding eigenfunction. In particular,
the conjecture proposes that λσ does not depend on the
initial configuration of the spin system. It was argued by
Fine [15] that due to the Markovian nature of ensemble
averages [17] one expects not only the decay constant of
the slowest mode (σ = 1) to be of the order of the inverse
decay time, i.e., γ1 ∼ 1/τ , but also the difference to the
second slowest exponent should be of the order of 1/τ ,
i.e., γ2 − γ1 ∼ γ1. There are no predictions for ω2.
The early work of Engelsberg and Lowe [2] is in reason-
able agreement with this theory, but inconclusive with re-
gard to the predictions above, which triggered new exper-
iments with hyperpolarized polycrystalline solid xenon
for better signal-to-noise ratio [4] and CaF2 [3]. The ex-
periments show that the long-time behavior is indeed uni-
versal since it does not depend on various initial prepara-
tions of the spin system, in agreement with Fine’s theory.
However, only a single mode λ1 in the exponential decay
was found. In solid xenon, the isotropic averaging over
all crystal orientations makes the direct observation of an
isolated second mode unlikely [21].
Here, we report on new experiments on CaF2 that, due
to the increase in signal-to-noise ratio by two orders of
magnitude over previously reported experiments, reveal a
second decay mode in agreement with Fine’s predictions
[15, 16]. Therefore, our results favor his theory over other
theories using a memory function approach [13], since
these predict only a single mode.
The 5 × 5 × 10 mm3 CaF2 crystal was obtained from
Mateck, Germany. Impurities are stated to be below
2 ppm. The crystal was oriented by X-ray diffraction.
A home-built NMR probe was used in order to align the
crystal’s axes (110) or (100) parallel to the applied mag-
netic field (7.06T). The probe was set to a resonance
frequency of 283.383MHz and operated at 20K. The
quality factor Q of the resonance circuit was 240, the pi/2
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FIG. 1. (a) Free Induction Decay of 19F in a CaF2 single crys-
tal (blue line) for B parallel (110) at 7.06T. Note that the real
part of the FID changes sign at each of the minima in the log-
arithmic plot (b). The first 20 µs of the FID where measured
using a spin-locking technique, c.f. [22]. The time intervals 20
to 57 µs and 58 to 87 µs where measured at 20K with 25 and
12 dB attenuation in front of the preamp, respectively. The
tail of the FID was measured without attenuation. The sig-
nal was corrected for the inhomogeneous decay as measured
by C6F6 as well as for a small residual offset (700Hz) that
was precisely determined from the time dependence of the
signal’s phase. The data is in good agreement with Engels-
berg and Lowe’s measurements but has nearly three orders
of magnitude better signal-to-noise ratio. Due to the higher
signal-to-noise ratio, we were able to fit the FID to Eq. (2) in
the time frame 160 to 250 µs (shaded in gray).
pulse length was 5 µs. The T1 at 20K was determined to
be 76 s.
With typically 80 scans our maximum signal to noise
was about 106. In order to record the signal, various
attenuations were used to prevent the preamp from sat-
urating and to allow for an appropriate load of the 16
bit digitizer. Additionally, the first 20µs were measured
using a spin locking sequence [22]. Finally, the tail of the
FID was measured with the variable attenuator set to
zero but still infront of the preamp to minimize additional
phase shifts. The composition of the FID is described in
greater detail in the supplement material [20].
In order to determine and remove the influence of the
inhomogeneous magnetic field on the decay, we measured
a 19F FID on a C6F6 sample (intrinsic T2 ≫ 1ms) of
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FIG. 2. Extraction of two decay modes from the FID for B parallel to (110). (a) After subtracting the fit or first Mode f1
as determined by fitting the tail of the FID (c.f. Fig. 1) to Eq. (2) in the time interval 160 µs to 250 µs, a second mode f2
becomes apparent. This mode is replotted in (b) along with a fit according to Eq. (2) in the time interval 76 to 136 µs (shaded
in gray). The fit reveals that the decay constant γ2 of the second mode is about a factor of two larger as compared to the first
mode while the obtained value for ω differs rather slightly from the first mode’s one. The light blue line is left after subtracting
both modes from the FID and reveals that within experimental resolution the FID is accurately described by f1 + f2 for times
greater than 75µs or for a decay over four orders of magnitude.
about the same volume and geometry as the crystal. On
the time-scale of the CaF2 FID the
19F decay could be
approximated by a Gaussian with a standard deviation
of 632(3)µs. The CaF2 data were hence multiplied with
a rising Gaussian function to remove the inhomogeneous
broadening. Although this procedure increases the noise
level towards the end of the FID, this is a very minor
effect with a correction of only 8 % for the data point at
250µs; hence we did not apply any filter to correct for
it. Since the linewidth hampers a precise determination
of the exact resonance frequency by means of a simple
Fourier transform, the actual offset was determined by
analyzing the time-dependence of the phase φ(t) of the
complex valued FID. The offset of 700Hz was removed
from the FID. Phase changes due to the variable attenu-
ator were taken into account.
The resulting signal is shown in Fig. 1, linear (a) and
logarithmic scale (b). The time origin of the FID was as-
signed to the center of the pi/2 pulse. The large dynamic
range of the FID is only seen in the logarithmic plot in
Fig. 1(b), where we show the magnitude of the NMR
signal’s real part.
We find good agreement with Engelsberg and Lowe
for times accessible within their experiment, i.e., up to
150µs, c.f. grey curve in Fig. 1(b). The red line in
Fig. 1(b) is a fit according to Eq. (2) based on our decay
between 160 and 250µs using the nonlinear Levenberg-
Marquardt algorithm as implemented in Matlab [23, 24].
The algorithm returns estimates, the residuals, the Ja-
cobian and a covariance matrix for the fitted parame-
ters. The 95% confidence intervals as specified in Tab. I
are obtained as a ± ts where t is derived from Students
t distribution using the degrees of freedom and the re-
quired confidence and s is the standard error, i.e., the
square root of the corresponding diagonal element of the
covariance matrix. The fit window was chosen since we
may expect a faster second mode and since the algorithm
should not operate in low signal-to-noise ratio. We ver-
ified that a slight change in the starting point did not
change the obtained fit parameters significantly. The ob-
tained values are given in Tab. I as FID (110) λ1 (see
Tab. S2 in the supplement [20] for all parameters and
error estimates). We find a significant deviation between
our value (γ1 = 40.3ms
−1) and the ones determined from
Engelsberg and Lowe’s data, but also those by Sorte et
al. (∼ 43ms−1). We also note a substantial difference
between the fit (red line) and the data for shorter times.
This is shown more clearly in Fig. 2(a) where the green
curve is the difference between the actual decay and the
fit to the long-time decay (first mode λ1 = γ1 + iω1).
Clearly, the green curve in Fig. 2(a) is strong evidence
for Fine’s second mode, since it is approximately expo-
nential with a decay rate of roughly 2γ1 (It disappears
in the noise at about 140µs while the first mode has dis-
appeared at 300µs). Note that this result could not be
obtained by earlier measurements due to the lower signal-
to-noise ratio that did not permit a fit at sufficiently long
times. The significantly higher values for γ obtained from
earlier measurements are due to the influence of the sec-
ond mode.
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FIG. 3. The same plot as in Fig. 2 but for B parallel to (100). The FID (a) is again measured with different attenuations; the
first 23 µs are measured using a spin locking sequence, the time intervals 24 to 51 µs and 52 to 111 µs are measured with 25 and
12 dB, respectively. A Gaussian line narrowing of 426 µs was applied to remove the influence of the field inhomogeneity. The
fit of the first mode f1 is performed in the time interval 100 to 200 µs. The residue, shown as green line in (a), reveals that in
this time interval the data is well described by a single mode and again shows oscillatory decaying behavior for earlier times.
This oscillatory behavior can well be described in terms of a second mode f2, plotted in (b), with a decay rate about two times
the first mode’s one.
The parameters of the second mode (green curve) in
Fig. 2(a) are estimated from a fit to Eq. (2) between 75
and 135µs, shown as red curve in Fig. 2(b). The blue
curve in Fig. 2(b) shows the residuum, revealing that the
FID can be described accurately in terms of two modes
for times greater than 70µs. The estimates for the second
mode are given as FID (110) λ2 in Tab. I.
While we are convinced that the green curve in
Fig. 2(a) is evidence for Fine’s second mode, we decided
on an independent check, i.e., the measurement of the
FID of CaF2 for a different orientation of the crystal with
respect to the applied magnetic field. The resulting data
and analysis are summarized in Fig. 3. Due to the depen-
dendence of the secular part of the dipolar Hamiltonian
on the orientation of the applied magnetic field, different
shapes of the FID are obtained for different orientations.
For the (100) orientation the FID decays faster and os-
Measurement γ (ms−1) ω (radms−1)
Engelsberg 43.0(1) 101.9(5)
Sorte 43.3(1) 106.2(1)
FID (110) λ1 40.3(2) 103.5(2)
FID (110) λ2 92(3) 85(1)
FID (100) λ1 48.4(3) 154.0(2)
FID (100) λ2 109(2) 142(2)
TABLE I. Obtained values for γ and ω. All values were ob-
tained using a non-linear least squares approximation. For the
FID at 20K deviations from the fit are due to thermal noise
(c.f. Fig 2), hence 95% confidence intervals were estimated
from the covariance matrix.
cillates at a higher frequency. The data can again be
understood in terms of two modes with the decay rate of
the second mode being about two times larger than the
rate of the first mode. The fit results for both modes are
given in Tab. I.
To conclude, we have studied the long-time behavior of
a macroscopic system of dipole coupled spins 1/2. The
data is interpreted in terms of Fine’s theory based on
the notion of microscopic chaos. While earlier work is
in agreement with this theory, so far only a single decay
mode was found. Therefore, it is difficult to discriminate
other theories using a memory function approach. By
increasing the signal-to-noise ratio by two orders of mag-
nitude, compared to so far available measurements, we
can determine the first decay mode with high accuracy.
After subtracting this mode from the FID we are left with
a second decay mode that decays about two times faster
than the first mode. Our findings thus support Fine’s
theory that predicted a well-isolated second decay mode
and correctly estimated the difference between the decay
rates of the first and the second mode.
As similar accounts in support of Fine’s prediction will
be given, one can hope that theory will eventually be able
to predict the parameters of the observed modes from the
Hamiltonian of the system.
B.M., J.K., and J.H. would like to thank S. Berger,
M. Bertmer, M.S. Conradi, C.P. Dietrich (XRD), P. Es-
quinazi, B.V. Fine, D. Rybicki, H. Voigt. This work was
supported by the DFG within the Graduate School Build-
MoNa and ESF project no. 080935191.
5[1] I. J. Lowe and R. E. Norberg,
Physical Review 107, 46 (1957).
[2] M. Engelsberg and I. J. Lowe,
Physical Review B 10, 822 (1974).
[3] E. G. Sorte, B. V. Fine, and B. Saam,
Physical Review B 83, 064302 (2011).
[4] S. W. Morgan, B. V. Fine, and B. Saam,
Physical Review Letters 101, 067601 (2008).
[5] J. H. Van Vleck, Physical Review 74, 1168 (1948).
[6] C. P. Slichter, Principles of Magnetic Resonance, 3rd ed.
(Springer Berlin Heidelberg, 2010).
[7] B. Cowan, Nuclear Magnetic Resonance and Relaxation
(Cambridge University Press, 2005).
[8] A. Abragam, Principles of Nuclear Magnetism (Oxford
University Press, USA, 1983).
[9] H. Cho, T. D. Ladd, J. Baugh, D. G. Cory, and C. Ra-
manathan, Physical Review B 72, 054427 (2005).
[10] H. Betsuyaku, Physical Review Letters 24, 934 (1970).
[11] G. Canters and C. Johnson Jr.,
Journal of Magnetic Resonance (1969) 6, 1 (1972).
[12] S. J. K. Jensen and E. K. Hansen,
Physical Review B 7, 2910 (1973).
[13] P. Borckmans and D. Walgraef,
Physical Review Letters 21, 1516 (1968).
[14] H. Pastawski, P. Levstein, G. Usaj,
J. Raya, and J. Hirschinger,
Physica A: Statistical Mechanics and its Applications 283, 166 (2000).
[15] B. V. Fine, International Journal of Modern Physics B 18, 1119 (2004).
[16] B. V. Fine, Physical Review Letters 94, 247601 (2005).
[17] N. S. Krylov, Works on the Foundations of Statistical
Physics (Princeton University Press, 1979).
[18] Y. Lin, N. Lisitza, S. Ahn, and W. S. Warren,
Science 290, 118 (2000).
[19] J. Jeener, Physical Review Letters 82, 1772 (1999).
[20] See supplemental material at
http://link.aps.org/supplemental/ for (i) a brief
discussion of observable eigenmodes and signal-to-noise
ratio (ii) a detailed description of the procedure used to
compose the FID and (iii) all start values and fit results
of the various fits.
[21] B. V. Fine, T. A. Elsayed, E. G. Sorte, and B. Saam,
arXiv:1201.1793 (2012).
[22] K. W. Vollmers, I. J. Lowe, and M. Punkkinen,
Journal of Magnetic Resonance (1969) 30, 33 (1978).
[23] K. Levenberg, Quart. Applied Math. 2, 164 (1944).
[24] D. W. Marquardt, Journal of the Society for Industrial and Applied Mathematics 11, 431 (1963).
